Abstract: Thin dielectric layers deposited on the inner surface of hollow cylindrical metallic waveguides for Terahertz (THz) waves reduce transmission losses below 1 dB/m. Impact of the dielectric layer on the waveguide dispersion is experimentally investigated by near-field mapping of guided short THz pulses at the input and the output of the waveguide. We obtain dispersion characteristics for the low-loss waveguide modes, the linearly-polarized HE 11 mode and the TE 01 mode, and compare the experimental results to the metallic waveguide dispersion. The additional dispersion due to the dielectric layer is found to be small for the HE 11 mode and the phase velocity is primarily determined by the waveguide radius. 
Introduction
Development of low-loss and low-dispersion waveguides for Terahertz (THz) waves is challenging. Practical THz waveguides with losses below the level of 1 dB/m only recently have been realized [1] [2] [3] [4] . In cylindrical hollow metallic waveguides, the minimal loss can be achieved if a thin (~λ/10) dielectric coating is added to the inner waveguide wall [5] [6] [7] [8] [9] . The reduced absorption is a result of a change in the waveguide dominant mode structure. Distinctly different from the dominant mode in the metallic waveguide (TE 11 ), the dominant mode in the dielectric-lined guide (HE 11 ) exhibits minimal penetration into the absorbing metallic wall. The transformation of the dominant mode was recently confirmed experimentally by mapping the mode profile at the waveguide output [10] .
The presence of the dielectric layer however raises questions about its effect on group velocity dispersion. In fact, the addition of a dielectric layer can significantly deteriorate group velocity characteristics for some modes, as it does in dielectric-coated surface plasmon waveguides [11, 12] . The effect of the dielectric however could be small for the dominant HE 11 mode because only a small fraction of the wave propagates in the dielectric when the loss is minimal. There are analytical methods for dispersion estimation in the dielectric-lined waveguides. However they rely on mathematical approximations, which need to be verified.
Here we determine the waveguide dispersion characteristics and evaluate the effect of the dielectric layer experimentally. We consider polystyrene-coated hollow cylindrical silver (Ag/PS) waveguides [1] . For a multimode waveguide, characterization of dispersion requires knowledge of mode composition at the input and the output of the test waveguide. We recently showed that the required information can be obtained using THz near-field microscopy [10] . This method is applied here to identify the propagating modes at the input and the output of the tested waveguides. We first allow the waveguide modes to form in the launch waveguide. Spectroscopic analysis is then performed using THz time-domain spectroscopy together with monitoring the mode structure at the input and the output of the test waveguide positioned immediately after the launch guide. This approach allows us to obtain mode-specific dispersion characteristics in a wide range of frequencies.
Two modes in the dielectric-coated cylindrical metallic waveguide are considered: the hybrid linearly-polarized HE 11 mode and the azimuthally polarized TE 01 mode. These modes experience small absorption due to vanishing electric field at the waveguide wall [13] . The HE 11 mode has the lowest transmission loss and very high coupling efficiency to free-space propagating beams [13] . The TE 01 mode, the lowest-loss mode in metallic waveguides, is considered for comparison.
We provide dispersion characteristics for the HE 11 and TE 01 modes and show that the effect of the dielectric layer on phase velocity is small for these modes. However, the linearlypolarized HE 11 mode has an unusual cut-off frequency behavior, substantially different from the dominant TE 11 mode in metallic waveguides. The TE 01 mode on the other hand follows characteristics of the TE 01 mode in a metallic waveguide very closely within the full range of measured frequencies (0.5-3.0 THz). We also show that the propagation constants can be approximated by analytical functions in the low-loss region suggesting that the effect of the dielectric coating for these modes can be treated by the perturbation theory.
Analysis of the mode structure
The waveguides are fabricated by coating the inner surface of 1.8 ± 0.05 mm bore diameter glass tubes with layers of silver (Ag) and polystyrene (PS). The thickness of the Ag and PS coatings are 1 µm and 14 ± 4 µm respectively. Fabrication details are described in Ref. 14. The waveguides exhibit a transmission loss minimum for the HE 11 mode in the region of 2-3 THz [1, 13] . Short THz pulses are generated in a ZnTe crystal by optical rectification of 100-fs pulses from a Ti:Sapphire laser. After passing through a 3-mm thick Si plate, which blocks the laser beam, a portion of the unfocused THz beam couples into the waveguide through a 1-mm diameter pinhole in a thin stainless steel screen positioned in contact with the waveguide input. After propagation through the waveguide (filled with air at ~50% RH), the THz wave is detected in the near-field zone (within ~100 µm) of the waveguide output by an integrated near-field probe with a 50 µm aperture [15] . The probe detects the horizontal component of the electric field. To visualize the propagating modes, space-time maps of the electric field are measured along the waveguide diameter.
Desired modes can be excited by controlling the input field pattern formed by the pinhole. The THz pulse energy is distributed between the modes in a way that their superposition is matched to the incident field pattern. The HE 11 mode is launched through the input pinhole centered on the waveguide axis [schematic diagram, Fig. 1(a) ]. Coupling to higher order modes in this case is small. Figure 1(a) shows the space-time map of the output THz wave after propagation in a 133.5-mm long Ag/PS waveguide. The field pattern in the region around t = 0 corresponds to the HE 11 mode. The map also shows that several waveguide modes are excited and the higher order modes arrive a few picoseconds later, however most of the wave energy is in the dominant HE 11 mode.
A different arrangement is required for excitation of the TE 01 mode, for which the electric field lines describe concentric circles around the waveguide axis. The mode symmetry prohibits coupling of a linearly-polarized beam into this mode if the pinhole is centered on the waveguide axis. In order to excite the TE 01 mode the input pinhole is shifted to the waveguide wall and the polarization of the incident field is rotated by 90 degrees [schematic diagram, Fig. 1(b) ]. This arrangement launches the TE 01 mode without significant coupling to the HE 11 mode. After propagation in the waveguide, the mode fully develops its horizontally-polarized component at the output. To detect the TE 01 mode the horizontally polarized electric field is measured along the vertical line passing through the waveguide axis. Figure 1(b) shows the output wave map with an anti-symmetric pattern corresponding to the TE 01 mode. The mode symmetry and location on the time-space map become more obvious after performing local Fourier transforms with the 2-ps long Hann window [10] . It allows plotting distribution of the spectral amplitude at a selected frequency. The right column maps in Fig. 1 show the distribution at the spectral maximum (2.3 THz) calculated directly from the data. The HE 11 and the TE 01 modes clearly appear as temporally confined packets of energy. The higher order modes are characterized by several nodes in the transverse direction and lower group velocities. The HE 12 mode for example is delayed by ~4 ps. This mode clearly shows if the incident field illuminates the core of the waveguide uniformly [ Fig. 1(c) ] [10] . Note that the t = 0 point in all maps marks the arrival time for the HE 11 mode, which is delayed by 1.3 ps with respect to the arrival time of the wave in free space.
The excited modes become separated in time when they arrive at the waveguide output. Therefore mode profiles can be determined by mapping the electric field distribution at the moment of arrival. Two-dimensional distributions of the electric field component E x are shown in Fig. 2(a) for the following time-delays: t = 0, 1.5, 4.2, and 10.2 ps. In addition to the HE 11 mode profile, first shown in Ref. 10 , field patterns of higher order modes can be clearly identified as the TE 01 , HE 12 and HE 13 modes after comparing the profiles to analytical approximations shown in Fig. 2(b) . The HE 1m modes are linearly polarized and the orthogonal component E y is zero. The azimuthally polarized TE 01 mode has the orthogonal E y component that shows a similar spatial distribution as E x but rotated around the waveguide axis by 90 degrees (not shown). 
Dispersion characteristics of the HE 11 and TE 01 modes
After establishing the mode structure and composition we can address dispersion characteristics. Figure 1 (a) and 1(b) showed that a large portion of the wave energy can be coupled in either the HE 11 or the TE 01 mode. The quasi single-mode propagation helps determine dispersion relations for these modes. In the experiment two waveguide sections are positioned in series: one serving as the launch waveguide and the other as the test waveguide. The THz pulse is then mapped at the output of the test waveguide and compared to the pulse at the output of the launch waveguide. The dispersion relationship for the test waveguide now can be determined by performing the Fourier transforms of the input and output waveforms and obtaining their phase difference for each frequency component. The corresponding phase velocity plots are summarized in Fig. 3 . First we compare the dispersion characteristics in an uncoated silver guide with the theory for the classical TE 11 mode to verify the characterization method. The TE 11 mode is formed at the end of a 142-mm-long launch Ag guide illuminated uniformly by the unfocused THz beam. After propagation through a 151-mm-long test Ag waveguide the THz pulse is measured in the center of the output. The pulse waveform is also measured in the far-field zone by a photoconductive antenna [16] equipped with a 1-mm radius hyper-hemispherical silicon lens (at a distance of 10 mm from the guide output). The input waveforms for the test guide are obtained at the output of the launch waveguide. Phase velocity plots extracted from both the near-field and the far-field measurements show excellent agreement with the exact theory for a perfect-metal waveguide (Fig. 3) confirming that the characterization method is reliable. Note that the phase error caused by the presence of higher order modes is not significant. 
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Ag/PS Ag/PS Fig. 3 . Phase velocity plots for the HE11 and TE01 modes in the dielectric-coated (Ag/PS) waveguide and for the TE11 mode in the metallic (Ag) waveguide. Solid and empty symbols show the experimental data measured in the far-field (ff) and near-field (nf) zones respectively. Solid lines show the exact analytical solutions for the TE11 and TE01 modes in the metallic waveguide and the approximation for the HE11 mode. The inset shows waveforms of the input and output THz pulses propagating as the HE11 mode in the Ag/PS guide.
Next we consider the TE 01 mode in the dielectric-coated waveguide. For this mode the farfield measurement is not simple because of the mode symmetry. The input and the output waveforms however can be detected in the near-field zone at the mode maximum, located close to the half-radius point along the vertical axis (y = 0.45 mm). A 133.5-mm-long waveguide section is used as the launch waveguide and a 149-mm-long section as the test waveguide.
To evaluate the effect of the dielectric layer we compare the phase velocity data with the theoretical dispersion curve for the TE 01 mode in the uncoated metallic waveguide (Fig. 3) . The phase velocity is determined by the bore radius a in the metallic waveguide. It can be expressed in terms of the TE 01 cutoff frequency f c = ω c /2π = 3.832·c/(2πa) = 0.203 THz:
.
The experimental data for the dielectric-lined guide follows this phase velocity relation. The dielectric layer therefore produces no noticeable effect on dispersion for this mode. The result is consistent with the fact that only a small fraction of the wave travels in the dielectric.
Finally we consider the dominant HE 11 mode. Unlike the TE 01 mode, the HE 11 mode couples very efficiently into free space [13] . The input and output waveforms for this mode are therefore obtained using the far-field detector with a silicon lens (Fig. 3, inset) . This arrangement gives a higher signal-to-noise ratio. The phase velocity plot for this mode (Fig. 3 ) exhibits a diverging behavior at low frequencies similar to the other modes. However the experimental data noticeably deviates from the standard cutoff frequency behavior of Eq. (1).
To explain this behavior we consider the relationship between the spatial mode profile and the cutoff frequency. The mode profile is determined by the transverse component of the mode wavevector k t , which is proportional to the cutoff frequency ω c = k t c. The mode profiles in Fig. 2(a) therefore can be used to determine the corresponding cutoff frequencies. We first compare the detected profiles with an approximate solution derived by Miyagi and Kawakami for the hybrid modes in the case of the transmission loss minimum [5] . The detected profiles agree with the approximation shown in Fig. 2(b) . Therefore the characteristic k t can be found directly from the approximation. In particular, the Cartesian components for the HE 11 mode:
; ( , ) 0;
where J 0 is the Bessel function of the zeroth order, and E 0 is the electric field amplitude at the waveguide center [5] . The minimum-loss condition requires that the electric field is zero at the metallic wall: E x = E y = 0 at r = a. The corresponding value of k t therefore must be given by the first root of J 0 (k t a) = 0, k t = 2.405/a. Consequently, the cutoff frequency for the HE 11 mode is related to the guide radius a as follows: f c = ω c /2π = 2.405·c/(2πa) = 0.128 THz. This cutoff frequency and Eq. (1) offer a good approximation to the dispersion characteristics for the HE 11 mode in the low-attenuation band (2-3 THz), where the boundary condition E x = E y = 0 is satisfied. The data deviates from the standard dispersion curve only at frequencies lower than ~1.7 THz, indicating that the spatial profile of the hybrid mode can no longer be described by Eq. (2) and the transverse wavevector k t = (2.405/a). The simple analytical approximation however holds within the low-attenuation region (2-3 THz).
We conclude that the dispersion relation for the HE 11 mode is determined primarily by the waveguide bore radius a. The effect of the dielectric layer on dispersion is minimal. Nevertheless the dielectric layer is essential to form the low-loss hybrid modes. The layer thickness determines the frequency band where the transmission loss is reduced and the propagation constant can be approximated by Eq. (1).
It is important to note that the group-velocity dispersion for the HE 11 and TE 01 modes is relatively small because the waves travel mostly outside the dielectric in contrast to the surface wave modes on dielectric-coated metal wires and plates. We estimate that the waveguide dispersion parameter D = 0.08 ps/(µm·m) for the HE 11 mode at 2.3 THz. It corresponds to the pulse broadening of ~1 ps for a 0.15 m long test guide and the pulse bandwidth ∆λ of 80 µm. This figure agrees with the experimentally detected broadening in Fig. 3 (inset) . More precise measurements can be performed with longer test waveguides, where the effect of the dielectric becomes noticeable.
Summary and conclusions
In summary, the effect of the dielectric layer on structure and dispersion characteristics of the dominant modes in the dielectric-coated cylindrical metallic waveguides was investigated by THz near-field imaging and time-domain spectroscopy.
We show that the dielectric coating forms a set of the linearly-polarized hybrid HE 1m modes that match the analytical approximation of Ref. 5 . The dielectric layer however has a minimal effect on dispersion of the dominant modes. The phase-velocity of the HE 11 mode follows the standard dispersion relation in the region of low attenuation (2.0-3.0 THz for the considered waveguides). The cutoff frequency for the HE 11 mode is determined by the waveguide bore radius and it reflects the boundary condition for the vanishing electric field at the waveguide wall. Note that this cutoff frequency is equal to the cutoff frequency of the TM 01 mode in a metallic waveguide; however these modes should not be confused because their structures are substantially different. It is also important to note that the dispersion characteristics in the dielectric-coated waveguide do not approach the theoretical curve for the TE 11 mode at low frequencies despite the fact that the dielectric layer thickness becomes much smaller than the wavelength in the region close to the cutoff frequency. The dielectric-coated waveguides also support the TE 01 mode with the spatial profile and dispersion characteristics similar to the TE 01 mode in metallic waveguides.
These findings simplify signal propagation analysis in the dielectric-lined hollow metallic waveguides. We expect that the provided approximation can be used to estimate dispersion in any oversized waveguide (a >> λ), while more precise evaluation for the dielectric layer effect can be treated by the perturbation theory.
